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The Wick rotation in quantum field theory is considered in terms of analytical continuation in the signature matrix 
parameter w = r/oo ■ Regularization of propagators by a complex metric parameter in most cases preserves (i) the 
convergence of Feynmann integrals (understood as Lebesgue integrals) if the corresponding integrals of Euclidean 
theory are convergent; (ii) the regularity of propagators in the coordinate representation if there is regularity in 
the Euclidean case. The well-known covariant regularization by a complex mass does not in general satisfy these 
conditions. Theories with a large family of propagators regularized by complex metric were previously considered by 
the author, and analogues of the Bogoliubov-Parasiuk-Hepp-Zimmermann theorems were proved. This paper shows 
that in the case of multidimensional cosmology describing the evolution of n spaces Mi , i — 1, . . . ,n, the Wick 
rotation in the minisuperspace may be performed by analytical continuation in the dimensions Ni = dimM; or in 
the dimension of the time submanifold Mo . 



1. Introduction 

The divergences occuring in quantum field theory 
(QFT) and quantum gravity [1-9] (when certain per- 
turbation schemes are considered) may be divided into 
two groups. The first one is related to the fact that 
series in coupling constants in QFT usually diverge 
(they are asymptotical ones ||). (Recently a new 
perturbation theory with absolutely convergent series 
was considered in p0|.) Divergences from the second 
group are the so-called "infrared" and "ultraviolet" 
divergences in Feynmann integrals. In renormaliz- 
ablc theory they may be removed by applying certain 
R-operation procedures [1, 4-7] (with or without in- 
termediate regularization). Some of the latter may be 
called "pseudo-Euclidean" || [l4|, [l[| since they occur 
in space-times with non-Euclidean signatures. Let us 
give a simple example. Consider the covariantly reg- 
ularized propagator of free massive scalar field in fR D 



e > 0, 



(1.1) 



—p 2 M — m 2 + is ' 

where p 2 M = —p 2 , + p 2 , m 2 > , then the regu- 
larization (1.1) does not guarantee the convergence 
of Feynmann integrals (understood as Lebesgue inte- 
grals) even if the corresponding integrals of Euclidean 
theory are convergent Q (see also Subsec. 2.2.4 be- 
low). The covariant regularization does not guarantee 
the propagator regularity in the coordinate representa- 
tion even if they are regular in the Euclidean case. For 



m 2 > 0, e > 0, D > 4 the Fourier image of (1.1) in 
the Schwarz space 5'(fR D ) is not a regular distribution 
Q (see also Subsec. 2.2.3 below). 

There exists an alternative scheme of propagator 
regularization Jl^]-||l5| (see also fl(|-[|li|). This scheme 
is free of the above disadvantages and is based on the 
complex metric regularization. In this scheme we deal 
with a complex metric on IR D 

D-l 

r)ab(w)dx a (g) dx b = wdt <g> dt + ^ dx { (g> dx\ (1.2) 



lu^O. For non-negative w the metric (1.2) pro- 
vides regularization of (singular) Green functions (cor- 
responding to the Minkowski space limit w — > — 1+zO). 
For example, the massive scalar field propagator regu- 
larized by the complex metric (1.2) has the form |l5| 



D(p, w, m) 



w 



-1/2 



w Vo + P 2 + m2 



(1.3) 



Thus w may be considered as a holomorphicity param- 
eter (Wick parameter) for w -correlators belonging to 
^'(IR^ 1 ). It should be noted that recently the interest 
to this problem was greatly stimulated by the paper of 
J. Greensite @ (see also flf]). 

The aim of this paper is to overview the author's 
earlier results concerning the regularization of propa- 
gators by a complex metric (Jl^-Jl^]) and to show a 
possible application of this scheme to multidimensional 
quantum cosmology. 



2 



Vladimir D. Ivashchuk 



The plan of this note is as follows. Sec. 2 consid- 
ers the complex metric regularization in QFT. Sec. 3 
discusses a gravitational model on the manifold Mo x 
Mi x ... x M n . The midisuperspace metric depends on 
the dimensions Nq = dim Mo and N = dim Mi and 
may be used to regularize the cosmological pseudo- 
Euclidean minisupermctric corresponding to No = 1 
in two ways: (i) Nq is complex and Ni are real; (ii) 
Nq = 1 and N are complex (i > 0). 

2. Wick rotation in quantum field 
theory 

2.1. General prescription 

We consider the Wick rotation in QFT in terms of 
analytical continuation of the signature parameter. Let 



Vab{w) = diag(w, 1, 1) 



(2.1) 



be a diagonal D x D -matrix, a,b — 0,...,D — 1, D > 2, 
where 



«/e( \ (-oo,0] = n 



(2.2) 



is a complex parameter (Wick parameter). 

The point w = 1 corresponds to Euclidean space 
(E). As will be shown below, the limits w — > — 1 ± iO 
correspond to the Minkowski spaces M± with a "right" 
or "wrong" direction (arrow) of time, respectively. 

(In |l4|, [l5| we used the notation 



exp(— is).) 



(2.3) 



Consider a self-interacting scalar field with the ac- 



tion 



S(<p,w) = J d D xyMw){-r, ab (w)d a tpd b tp + V(<p)}, 

(2.4) 

in the complex metric background (2.1), where V((p) > 
is a potential, 



jf b ( w ) =di&g(«r 1 ,i,...,i) 

is the matrix inverse to (2.1) and 
rj(w) = det(rjab(w)) =w, w G Q. 



(2.5) 



(2.6) 



The action (2.4) is an analytical continuation of the 
Euclidean action, (covariantly) defined for w > 0, to 
the domain f2 (2.2). 

From (2.4)-(2.6) we get 



S(<p,w) = J d D xl-w- 1 / 2 (d i P ) 2 

+ 1^/2(^)2 + ^1/2^)1 



(2.7) 



w G fl. The real part of (2.7) satisfies the relations 
ReS(ip,w) =cos(iargw) J d D x^\w\- 1 / 2 {d f) 2 

+ ±M 1/2 (^) 2 + M 1/2 n^)} > aMMv), ( 2 -8) 

where 

S E (<p)= I d D x{±8 ab d a ipd W + V{ip)} (2.9) 

is the Euclidean action, 

ci(w) = cos(i argw) min(|w|" 1/2 , |w| 1/2 ) (2.10) 

and argu> G (— 7r, it) is the argument of the complex 
number w . 

The action (2.4) generates a chain of w -correlators 

(f{xi) . ..f(x n ))(w) = J ' Vfj,(ip,w)ip(xi) . ..ip(x n ), 

(2.11) 

Dip exp(-S(<p,w)) , 
J Vtp exp{-b(ip,w)) 

for neW and w € £1. In (2.11) and (2.12), the path 
integrals are understood in the framework of a certain 
perturbation scheme and i?-operation. 

Remark 1. Due to the relations 

I «,-*(*>,«) I = e -ReSO,™) < e -c 1 (w)s E (v) ^ (2.13) 

following from (2.8), one may define for certain S(<p, w) 
the "complex- valued measure" (charge) (2.12) (at least 
perturbatively) for all w G O if the corresponding 
Euclidean measure Z?</?exp(— cSe{^p)) exists for any 
c> 0. 

2.2. Free massive scalar field 

To illustrate the approach let us consider in detail the 
case of a free massive scalar field (vector, spinor, etc. 
fields may be certainly considered as well 10), i.e. the 
potential in (2.4) is 

V(ip) = ^m 2 ip 2 , m > 0. (2.14) 

From (2.7), (2.11), (2.12) and (2.14) we get the formal 
expression for the two-point w -correlator 



[tp(x)(p(0))(w,m) 



d D p 
(2ir) D 



c D(p, w, m) 



(2.15) 



where w £ Q and D(jp,w,m) is defined in (1.3). Here 
and below 

p = (p a ), x=(x a )eR D 1 px = Pa x a . (2.16) 
The relation (2.15) should be understood as 

(<p(x)<p(0) )(w, m) =F- 1 [D(p,w,m)](x) (2.17) 
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where T p 1 = T 1 is the inverse Fourier transforma- 
tion in <S'(IR D ) , i.e. in the (dual) Schwarz space of gen- 



eralized functions (tempered distributions) |21, 22, |23| . 
Recall that the mapping T : S'($P) -> 5'(R*) is de- 
fined by the relations 



(FT,<p) 
(*V)(p) 



<T,F V >, 
d D x e ipx ip{x), 



(2.18) 
(2.19) 



where tp G S(K D ), T G S'(IR D ) and F : S(R D ) -> 
S(R D ) is the Fourier transformation in the Schwarz 
space S(K D ). The space iS([R D ) consists of smooth 
functions / : R D — > £ satisfying the relation 



p n ,a(p) = max{(l + x%) n \D a tp\} < +oo 
for all n G N and a = (ojo, . . . , o>d-i) G Z 



(2.20) 



Here 



Z+ = {0} U IN , D a =d*° ... dlfSi , and 0< = d/dx l . 
In (2.20) and below 

x% = 6 ab x a x b , p% = S ab PaPb . (2.21) 

The Schwarz space is a locally convex linear 

topological space over £ with a topology generated by 
the set of seminorms (2.20) p3| . 

Now we prove majorizing inequalities for the w- 
correlator that will play = a key role in what follows. 

Proposition 1. For any to > 0, w G ft and p = 

(Pa) G R D 



rV) 



2 - \D(p,w,m)\ < — 

p E + m z p E + m 

where ci(w) is defined in (2.10) and 

c 2 (w) = max(|w|" 1/2 , M 1/2 ). 



(2.22) 



(2.23) 



Proof. Denote 

X = (Dfawim))- 1 = w- 1/2 pl+w 1/2 {p 2 + m 2 ). 



It is clear that 

\X\ < c 2 (w)(p 2 E + m 2 ) 
We also get: 
\X\ > ReX 



(2.24) 
(2.25) 



cos(i argw)[|w| 1 t 2 p 2 ) 



\w\ 1 ' 2 (p 2 + m 2 )] 



> ci(w)(p% +m 2 ). 
The proposition is proved. 



(2.26) 



We denote by ^(R 13 , £) the vector space of functions 



/ : (R — > £ , such that the Lebesgue integral 
/ d D p f(p)(p 2 E + l)- n 



(2.27) 



exists for some n € W (in this case the function / is 
measurable). The function / G T S {R D ,£) generates 
the "slowly increasing" measure d^(p) = \f(p)\d D p 

Let 

I:T S (K D ,£) ~^S'(R D ) (2.28) 
be a canonical embedding defined by the relation 

(/(/),¥>> = / d D pf( P Mp). (2.29) 

We call the image of the map (2.28) the subspace of 
regular tempered distributions (generalized functions) 
and denote 

TmI = I(F s (R D ,£)) = reg S'(R D ). (2.30) 
Proposition 2. For any to € Q, m > , 

D(-,w,m) E .F S (IR D ,£) (2.31) 
(see (1.3)) and tie corresponding regular distribution 

D{w, to) = I(D(; to, m)) G reg ^'(IR 13 ) (2.32) 

is (weakly) holomorphic with respect to w in ft (for 
fixed m > 0), i.e. (D(w,m),tp) is holomorphic with 
respect to w in Q for any tp G ^(IR 15 ) and fixed to > . 

Proof. For fixed m > and w G f£ the function 
D(.,w,m) is smooth on IR^ 1 and hence measurable. 
The relation (2.31) follows from the right inequality in 
(2.22). The holomorphic behaviour of the integral 



(D(w,m),ip) = / d D p D(p,w,m)ip(p). 



(2.33) 



follows from the relation 



-^-(D(w,m),(p) = J d D p(^-D(p,w,m) S jip(p) 

(2.34) 

((p G 5(IR D )) that can be easily verified by a straight- 
forward calculation using certain uniform estimates in 
the sectors 



r,R,6 



{w : r < \w\ < R, | argtoj < n — 8}, 



<r < R, < 5 < it, 

following from Proposition 1. In this case 

(d/dw)D(.,w,m) G ^(R^C) 
and in S'(FR D ) 

—D(w, to) = I (^—D(.,w, to)) 
for w G fi, to > 0. 



(2.35) 



(2.36) 



4 



Vladimir D. Ivashchuk 



Coordinate representation 

The calculation of the inverse Fourier transformation 
(2.17) gives us the following expression for the two- 
point w -correlator: 

(tp(x)<p(0))(w,m) 
= (2tt)- d / 2 



1 v/2 



where v = v(D) 



x 2 (w) 

- D/2 



.(mVpHl) (2.37) 



1 , m 2 > , w G Q and 



X 2 (w) EE 7] ab (w)x a X b = W(X°) 2 + X 2 . 

For any w £ Q and m > 

D(w, m) = J-^ 1 (D(w, m)) 
= /((^(.M0))(«J,m)) ereg S'(R D ) 



(2.38) 



(2.39) 



is a regular distribution, generated by the function of 
slowly increasing measure 



<p(.)¥>(0))Km) £T S (R D ,£). 



(2.40) 



The inclusion (2.39) follows from the asymptotical re- 
lations 



[f(x)(p(0))(w,m) ~ A_d[x 2 (w)]" 



13 > 2, (2.41) 



A 2 ln[m 2 x 2 (w)], D = 2 (2.42) 



0jS X r 



-0, and 



Xx)<^(0))(w,to) 



i?D[a; 2 (w)] a exp[-m^x 2 (w)], 

(2.43) 

3 x|; — > +oo , and the inequalities 
Ci{w- l )x 2 E < \x 2 {w)\ < c 2 {w~ l )x 2 E . (2.44) 



Here Ad , Bp and a = are constants and c$ (to) = 
c^uj" 1 ) , i = 1,2 are defined in (2.10) and (2.23). 

The relation (2.37) may be obtained by the follow- 
ing three steps. For w = 1 (i.e. in the Euclidean case) 
we use the well-known Euclidean formula B 



[<p(x)tp(0))(w,m) 



1 



(2ir) D / 2 \x 



v/2 



K„ 



(2.45) 

Then, performing the dilation x° \— > w 1 / 2 ^ , we get 
the correlator (2.37) for w > 0. (Note that this di- 
lation generates well-defined endomorphismes of the 
linear topological spaces S(R D ) and S'(R D ).) The 
distribution D(w,m) holomorphically depends on the 
parameter w in the domain CI . It follows from the 
holomorphic w -dependence of D(w, m) in Cl and the 
fact that the Fourier transformations T and T~ x in 
S^fR^ 1 ) preserve weak holomorphicity. The right-hand 
side of Eq. (2.37) defines for w £ Cl a regular distri- 
bution from ^'([R 15 ) holomorphically depending on w 
in Cl. This implies that the relation (2.37) may be 
extended from IR + to the domain Cl. 



Proper-time representation 

For the it; -correlator (1.3) we get the following proper- 
time representation (a -representation ||, ||, |^]): 

D(p,w,m)= J dae~ awl/2 ( p2[w]+m2) , (2.46) 
o 



for w £ Cl, m > and p G IR . Here 

P 2 [W] EE V ab ( W ) PaPb = W-'ip ) 2 + (p) 2 



(2.47) 



Just as in |L4[ fL5| , we may also consider some gen- 
eral class of the so-called proper w -correlators. A 
proper w -correlator in the momentum representation 
has the form 



)(p,w,m) = Pij(p,w,m) 



+ OC 



x / da /(a W 1 / 2 )e- Qwl/2 ^ 2 M+™ 2 ). 



(2.48) 



Here w £ CI, m > 0, p 6 IK and i, j — 1, . . . , N are 
indices (e. g. vector, spinor, etc). Besides, 

(A) The function /(a) is holomorphic in the domain 
{Re a > 0} and continuous in {Re a > 0} \ {0} ; 

(B) /(a) = 0(a T ) for a -> oo, Re a > 0; 

(C) there exists s > — 1 such that, for all 6 > 0, 
/(a) = 0(a s - s ) for a -» 0; 

(D) all Pij(p, w, m) are polynomials in momenta p = 
(pi) with coefficients holomorphically depending 
on w in Cl (and Pij(p,w,m) are "w-covariant" ). 

The proper w -correlators extended to the case m > 
form a rather wide class of w -correlators that occur in 
QFT. 

The Minkowski space limit, w — > — 1 ± iO 

For the distributions D(w,m) G reg ^'(IR 15 ) from 
(2.32) the limits w — > — 1 ± iO exist and are covariant 
distributions from S'(IR D ) defined by the relation 

D(-l ± i0, m) = T^[2 - i£±(m)], (2.49) 
where 

A=Pad/dp a , (2.50) 

is a continuous operator in <S'(IR D ) and 

L±(m) G reg S'(IR D ) (2.51) 

are regular distributions generated by the functions 
from F 3 (R D ,<L) 

L±(p, m) = In \p 2 M + to 2 | =F iir6(-p 2 M - m 2 ) 



ln[(-l=F«0)p^+p 



= ln[p : 



(2.52) 
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p 2 M + m 2 ^ . Here 
p 2 M = v ab (l)PaPb = -P 2 o+P 2 - 



(2.53) 



(For p 2 M 



we put L±(p,m) =0.) 



The relations (2.49) follow from the identity 



D(p, w, m) 



w 



-1/2 



2m 2 

w e Cl, (m > 0) p e fR 

Consider tl 



d 

2 -Pair- Hv ab MPaPb+m 2 ) 

OPa 



Consider the function from J- S (K , C) 



p 2 M + m 2 =F ie ' 



(2.54) 



(2.55) 



e > 0, m > 0. Using the representation 



=R 



2(m 2 =F «e) 



9 

2 - Pa^~ l n (PM + T «e) 



(2.56) 



(e > 0), we see that the covariant regular distributions 
D^ v (e,m) e reg ^(R^ 1 ) corresponding to (2.56) have 
limits as e — > +0, coinciding with (2.49): 

L>± v (+0,m) = D(-l ±i0,m). (2.57) 

Remark 2. Performing differentiation in (2.49) and 
using the well-known relations in iS'(R) (see e.g. [p2[) 

(bald)' =V-, xV- = l, 6'(x) = 5(x)=5(-x), 
x x 

we obtain: 



D(p,-l±*0,m) = - 3 - ., 



(2.58) 

Plj + m* 

that agrees with the well-known Sokhotski relation. 

In the coordinate representation the free massive 
scalar field propagator has the following form: 



(o|r + ^(x)^(o))|o)(m) = ^- 1 

Analogously, 

(0\T_(cp(x)<p(0))\Q)(m) = F; 1 



P M + 771 — i0 



Or). 
(2.59) 



P M + 771 + iO 



(x). 
(2.60) 



Here T+(. . .) and T_(. . .) are chronologically and an- 
tichronologically ordered operator products, respec- 
tively {J'p 1 = T~ x is the inverse Fourier transforma- 
tion in S'(IR D )). /From (2.17), (2.57), (2.59), (2.60) 
we get: 

(0\T±(cp(x)<p(0))\0)(m) = (^(0)>(-l±tfl,fn). 

(2.61) 



Thus the limits w = — 1 ± iO in 2-point w -correlators 
correspond to propagators in Minkowski space with the 
"right" and "wrong" time directions. 

In Ref. |l5| we discussed a Feynmann integral cor- 
responding to an arbitrary connected diagram (graph) 
for the theory with the proper w -correlator (2.48) 
(with w = — e" ie ). 

Analogues of the Bogoliubov-Parasiuk-Hepp-Zim- 
mermann theorems were proved, namely: 

(i) the Feynmann integral corresponding to an arbi- 

trary connected diagram renormalized in the a- 
representation exists (as a Lebesgue integral) for 
all < e < 2tt and 

(ii) the corresponding generalized function (distribu- 

tion) of external momenta has a limit as e — > +0 
in the appropriate Schwarz space. This limit is a 
covariant distribution. 

Covariant regularization 

For comparison let us consider the covariant regulariza- 
tion of the propagator (2.55) D™ v (p, e, m) . This reg- 
ularization has some disadvantages as compared with 
the complex metric regularization (1.3). First, the co- 
variant regularization does not guarantee the existence 
of Feynmann integrals (understood as Lebesgue inte- 
grals) even if the corresponding Euclidean integrals do 
exist. The simplest example is: D = 3, 



d 3 p 



[(P + QFm + m2 



ie] [p 2 



M 



ie\ 



(2.62) 



The Lebesgue integral (2.62) does not exist whatever 
be g e Hi 3 , e > 0, m > Q. The corresponding 
Euclidean integral 



d 3 p 



[(P + ?) 



2 M 



(2.63) 



exists (as a Lebesgue integral) for allgGfR 3 (m > 0). 

The covariant regularization (2.55) does not guar- 
antee the propagator regularity in the coordinate rep- 
resentation. Indeed, performing the Fourier transfor- 
mation in (2.59)-(2.60), we obtain: 



Pm 



1 



(2n) D / 2 



771/ =P IS 

77i 2 =p ie 
±i0 



M 



(= x) 

v/2 

K, 



y{\Ji m2 Tie){x 2 M ±iO) 
(2.64) 



where v — v(D) = D/2—1. The relation (2.64) maybe 
obtained fro= m (2.37) by performing the replacement 
777? i— > 77i 2 =p ie an= d the limit w — ► — 1 ± iO . Here 
we used that fact that the limit (2.64) in S'(R D ) is 
unchanged if the replacement (—1 ± i0)(x ) 2 + x 2 ^ 



G 
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2 M ± iO is performed. The "most singular part" in 

(2.65) 



X M 

(2.64) is 

const {x M ± iO) 



For D > 4 we have v > 1 and the distribution (2.65) 
is singular. Hence (2.64) is singular too. 

In Ref. fl3|| the complex metric regularization with 
w = — 1 zfc ie, e > was considered in the context 
of the 3-dimensional a -model from |2(| (n -field) and 
convergence theorems for e > were proved. The reg- 
ularization of propagators with w — — 1 ± it is closely 
related to regularization method for pseudo-Euclidean 
singularities suggested by W. Zimmermann in Ref. jjj 

: Pm -+Pm - e P 2 - 

3. Multidimensional cosmology with n 
Einstein spaces 



3.1. Gravitational model 

Consider the manifold 

M = M x Mi x ... x M n , 
with the metric 

n 

3 2 T (x)£(0) + ^ e 2^W 



9 



j=i 



5 (0) = 9®(x) dx»®dx v 



(3.1) 



(3.2) 
(3.3) 



is a metric on the manifold Mq , and g^ is a metric 
on the manifold M, satisfying 



m^rii = 1, ...,Nn Xi = const, j = 1, 



(3.4) 
, n . Thus 

(Mi,g^) are Einstein spaces. In (3.2) we denote by 
g( Q ) = p* <jr( a ) the pullback of the metric g( Q ) to the 
manifold M by the canonical projection: p a : M — ► 
M a , a = 0, . . . , n. The functions 7, 0* : Mo — > IR are 
smooth, i = 1, . . . , n. 

Consider the gravitational action 

5" - %] = 5 y d D x^\g~\{R[g] - 2A} + S GH (3.5) 

M 

where \g\ = det(g..), Sqh is the standard Gibbons- 
Hawking boundary term ||{| and A is the cosmological 
constant. 

The field equations for the action (3.5) (Einstein 
equations) 



Rmn[9] — \gMNR[g\ = —^9mn 

are (for D ^ 2) equivalent to 
Rmn\ci] = 2A 9mn/(D-2), 



(3.6) 



(3.7) 



where D = Y^k=o Nk = dim M is the dimension of the 
manifold (3.1), Nk = dimMfc , fc = 0, . . . ,n. 



Although the cosmological case Nq — 1 will be 
our main subject, we shall need the more general non- 
exceptional case Nq ^ 2. In this case we put, just as 
in |2l,P, 



1 " 
7 = 7oW = ^-£AT, 



(3.8) 



It may be shown (see @ ||, |5§) that Eqs. (3.6), 
(3.7) for the metric (3.2) with 7 from (3.8) are equiv- 
alent to the equations of motion for the a -model 



Solg {0 \t] = l I dP°xy/\tfn\{R\gW] 



M„ 



- GagW^drfdvP - 2V{<f>)} 
where |5 (0) | = det(3 (0) ..), 



v A^o — 2 



(3.9) 



(3.10) 



are components of the "midisuperspace" (or target 
space) metric on IR" 



G = Gydft ® d<p> 
and 



1 - 



+270(0) 



(3-11) 



(3.12) 



is the potential. (In p6[ authors start with 7 = 0.) 
We note that 63l 



dfit(Gf ii ) = JV 1 ...JV„ l-^-^i). 



(3.13) 



2- N 

3.2. Multidimensional cosmology 

Now consider the cosmological case 

iVo = l, g {0) = -dt®dt. (3.14) 

In this case (3.8) corresponds to the harmonic-time 
gauge and the minisuperspace metric 



G ll = NiSu - NiNi 



(3.15) 



has the pseudo-Euclidean signature (— , +,...,+) |27], 
p8| . The equations of motion for the cosmological 
model under consideration are equivalent to the La- 
grange equations for the Lagrangian 



V 



with the energy constraint ]25 

E = ~& ij 4> i p + v = o. 



(3.16) 



(3.17) 



Fo r exact solutions of the Einstein equations see e.g. 

Ho 
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3.3. The quantum case 

The quantization of the zero-energy constraint (3.17) 
leads to the Wheeler-DeWitt (WDW) equation in the 
harmonic time gauge |28] (see also p6|, |35|]) 



where 



2 dfr d& 



* = 0, 



rni _ I 1 

Ni 2 — D 



(3.18) 



(3.19) 



are components of the matrix inverse to (Gy) in 
(3.15). 

Third quantized model. The WDW equation (3.18) 
corresponds to the action of so-called " third-quantized" 
cosmology @-[p| (see also M-M, M) 



S= - I d n+1 z 



(3.20) 



We may quantize (3.20) and study the processes of 
"creation" and "interaction" of "multidimensional uni- 
verses" @ @. 

Diagonalization. The operator ff (3.18) may be di- 
agonalized by the linear transformation 



<p = A, 
where 

S^SabSj = G 



a, b = 0, . . . , n — 1 ; i, j = 1, . 
midisupermetric (3.11) reads: 

G = S ab dip a ® dy> 6 . 



(3.21) 
(3.22) 

, n . In this case the 
(3.23) 



An example of such a diagonalization is |27|, [28 

n 



1 /2 

[^6-i/( s 6-i E s)] £W 

J=6 



(3.24) 
S - 1 ), (3.25) 



6 = 1 , . . . , n — 1 , where 



'7 ; 



(0-1) 



-,1/2 



(0-2) 



(3.26) 



Here we consider a more general class of diagonal- 
izations (3.21) satisfying (3.24) or, equivalently, 



1. 



(3.27) 



One can show using the relations from |32| that the 
potential (3.12) is written in the new variables as 



V = Ae 2 ^° + e 2q ^ V»(#.) 



(3.28) 



where 

n 



(3.29) 



and the vectors ui^ 6 R" 1 satisfy the relations 

1 



= 4f| 



1 -0 



The operator in the new variables reads 



i? = -r? 



a 6 



d d 



dip a dip b 

where V — V((f) is defined in (3.28) and 



(3.30) 



(3.31) 



n 



Vab = ?? ab (-l) = diag(-l, 1,...,1). (3.32) 



Complex dimensions. Consider the simplest case 
V = Q . Then the third quantized cosmological model 
is equivalent to the theory of a free massive field in 



n-l 



with the Minkowski metric (3.32). There are at 



least two possibilities of complex metric regularization 
for (3.15). 

First, we may consider the gravitational model 
(3.1)-(3.12) with the time manifold Mq of dimen- 
sion A^o > 2 (when the midisuperspace metric is Eu- 
clidean), then perform the analytical continuation to 
the region Nq < 2 and consider the limit 



iVn 



l-«0. 



(3.33) 



(see (3.13).) 

The second possibility [[32], |3(| is as follows: we put 
No = I and consider (formally) the range of "small" 
dimensions iV, 



Ni>0, ^Ni<l, 



(3.34) 



where the minisupermetric (3.15) is Euclidean, and 
then perform the analytical continuation to the origi- 
nal Ni considering the limits 



Nt - iO, 



* = 1, 



(3.35) 



In this context it is worth noting that there already ex- 
ist studies of multidimensional models with dimension 
"dynamics" f55[ . In this model the minisupermetric 
signature may change (if "small" dimensions are con- 
sidered). 

4. Concluding remarks 

In the cosmological model under study the minisuper- 
metric does not depend on the signatures of the man- 
ifolds (M,,g 4 ). There exist models where such a de- 
pendence takes place. In |53| a gravitational model 
with several forms and dilatonic fields was considered. 
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It generalizes the "pure gravitational" model |32| of 
Subsec. 3.1. It turns out that the part of the midisu- 
perspace metric corresponding to the forms crucially 
depends on the signatures of the manifolds (M^g 1 ), 
i = 1, . . . ,n. It will of interest to consider the Wick 
rotaion in this model fl53| . 

Another problem of interest is connected with some 
cosmological models with spinors (e.g. supersymmetric 
models) were the Wick rotation (both in space and in 
midisuperspace) may be non-trivial p^ j. 
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